Tempering inference to the best
explanation

Abstract

What does it mean to apply inference to the best explanation (IBE) in probabilistic
inference? Incompatibilist accounts treat IBE as an alternative to Bayesian condition-
alization. The leading incompatibilist inference rule is the Bump Rule, a rule initially
developed by critics of IBE. I develop a series of challenges for the Bump Rule, then
propose an alternative: tempered updating. I show how tempered updating avoids
the challenges facing the Bump Rule while inheriting many of its desired behaviors. I
conclude by reflecting on the prospects for incompatibilist approaches to IBE.

1 Introduction

What does it mean to apply inference to the best explanation (IBE) in probabilistic infer-
ence? Two types of answers have been proposed.

Compatibilists (Lange 2022; Lipton 2004; Okasha 2000; Poston 2014) think that IBE is
compatible with Bayesian conditionalization. Bayesian updating is driven by likelihoods
which capture the degree to which hypotheses explain observed data. Updating is also
driven by prior probabilities of hypotheses, which can be influenced by explanatory
virtues such as simplicity (Lombrozo 2007; Sober 2015) and unification (Kitcher 1981;
Lange 2014). Explanatory considerations may further serve as heuristic guides to Bayesian
inference (McGrew 2003; Dellsén 2018) and hypothesis selection (Psillos 2000).

Incompatibilists (Douven 1999, 2013; Douven and Wenmackers 2017; Douven 2020,
2022) think that IBE is a distinct inference rule from Bayesian conditionalization. IBE is
often treated as a distinct inference rule governing coarse-grained attitudes such as belief
and acceptance (Dellsén forthcoming; Harman 1986; Musgrave 1988). Incompatibilists
seek to preserve this same distinctness in a probabilistic setting.

By contrast with the wide variety of coarse-grained versions of IBE on offer, the space

of incompatibilist probabilistic updating rules is relatively under-explored. By far the
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most-discussed incompatibilist updating rule is the Bump Rule (Douven 2013, 2020, 2022;
Trpin and Pellert 2019), proposed by Bas van Fraassen (1989) in the process of criticizing
IBE. I characterize the Bump Rule in Sections 2-3.

It is often not a good strategy to allow oneself to be defined by one’s opponents. In
Section 4, I argue that the Bump Rule faces several challenges. To meet these challenges,
I propose and characterize an alternative explanationist update rule: tempered updating
(Section 5). I argue that tempered updating meets the challenges facing the Bump Rule
(Section 6).

Much of the support for the Bump Rule comes from a series of probabilistic simula-
tions in which the Bump Rule strikes an attractive balance between learning speed and
accuracy.! I extend these simulations to show how tempered updating captures a simi-
larly attractive balance between learning speed (Section 7) and accuracy (Section 8). As a
result, many of those attracted to the Bump Rule based on its performance in probabilistic
simulations may also be attracted to tempered updating (Section 9).

Section 10 concludes by asking how these results bear on the case for incompatibilist
explanationism. On the one hand, they provide some support for incompatibilist ex-
planationism by developing a novel incompatibilist rule which avoids some challenges
facing the Bump Rule and shows potentially attractive performance in simulations. On
the other hand, tempered updating does not address all traditional concerns for incompat-
ibilist explanationism, and our discussion will reveal some under-appreciated concerns
facing both the Bump Rule and tempered updating. In this way, while tempered updating
may improve the prospects for incompatibilist explanationism, it does not fully settle the

debate between compatibilists and incompatibilists.

1See especially (Douven 2013; Douven and Wenmackers 2017; Douven 2020, 2022). Following Pettigrew
(2021), I donot discuss social learning simulations (Douven and Wenmackers 2017) in this paper as Bayesians
may not endorse the social learning rules used in them.



2 Bayes and the bump: The basic idea

Suppose you are concerned with arange H = {H;} of hypotheses. You have prior credences
p(H;) in the hypotheses. Then you encounter some evidence E. How should your opinions
about the hypotheses update? Let us consider the matter semi-formally before looking at
the details in Section 3.

Bayesians say that your opinions should update to

p(H;E)
(E)

pe(Hi) = p(HIlE) =45 (1)

Equivalently, we can view Bayesian conditionalization as a matter of updating prior
credences p(H;) in proportion to the likelihoods P(E|H;) that hypotheses assign to observed

evidence. That is,
p(H;)p(EIH,)
Y. p(H)p(EIH")

HeH

PE(Hi) =

(2)

The Bump Rule adjusts this form of likelihood-based updating by giving an additive
bump to the hypotheses that best explain the evidence.

For some fixed constant ¢, let Bump(H;) = cif H; best explains the agent’s total evidence,
c/n if H; is one of n explanations tied for best, and 0 otherwise. Upon observing E, the

Bump Rule instructs agents to update to:

p(H;)p(E|H;) + Bump(H;)

Y. p(H)p(E|H") + Bump(H’)’
HeH

pe(Hi) = 3)

To illustrate, consider an example from Douven (2013).

Suppose that an agent observes flips of a fair coin. She wants to decide between
the hypotheses Hj, ..., Hjp where H; holds that the coin has bias 0.1i towards heads.
She currently assigns equal probability to each H;. Say that the best explanation is the
hypothesis or hypotheses whose proposed bias is closest to the current frequency of

observed heads. Set the explanationist bump c equal to 0.1. Let T be the proposition that



Hypothesis Bayes T; Bayes Ty,—-T, Bump T; Bump Ty, =T,

H, 0.182 0.000 0.318 0.000
H, 0.164 0.055 0.136 0.039
H, 0.146 0.097 0.121 0.069
H; 0.128 0.127 0.106 0.091
H, 0.110 0.146 0.091 0.104
H; 0.091 0.152 0.076 0.394
Hg 0.073 0.146 0.061 0.104
H, 0.055 0.127 0.045 0.091
H;i 0.037 0.097 0.030 0.069
H, 0.019 0.055 0.015 0.039
Hjo 0.000 0.000 0.000 0.000

Table 1: Posterior credences in hypotheses H; after observations T; and T, =T, on Bayesian
conditionalization and Bump Rule
the k-th flip is observed to be tails.

Suppose the agent observes Tj, then —T,. A Bayesian agent updates to push moderate
probability mass towards the center (Table 1, Figure 1). For example, p(Hs) updates to 0.152
and p(H4) updates to 0.146. By contrast, the Bump Rule updates much more aggressively
towards the central hypothesis Hs, based on the fact that Hs best explains the observed
flips. For example, p(Hs) updates to 0.394, whereas p(Hs4) updates only to 0.104.

That is the basic idea. But the details are a bit more complicated. Some of these

complications will matter a great deal.

3 Bayes and the bump: Details

3.1 Bayesian updating

Let Q) be a finite set of states and A be an algebra over Q. Let A(A) be the set of probability
functions on A.

Classically, an update rule takes two inputs: a prior probability function p € A(A), and
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Figure 1: Posterior probabilities after observing T, =T5.

an item of new evidence E € A. The rule returns a posterior probability function. That is,
an update rule is a function U : A(A) X A — A(A).
Bayesian conditionalization takes as input a prior probability p € A(A) and an item of

evidence E € A, returning the posterior probability function p(+|E):

p(HE)
p(E)

Compeatibilists (Lange 2022; Lipton 2004; Okasha 2000) take Bayesian updating to be fully

Up(p, E)(H) = p(HIE) =y (4)

compatible with IBE. But incompatibilists (Douven 1999, 2013; Douven and Wenmackers
2017; Douven 2020, 2022) want to go further.
The Bump Rule is the leading incompatibilist proposal. It turns out that the Bump

Rule takes us further afield from Bayesian updating than it might appear.

3.2 History- and hypothesis-dependent updating

To state the Bump Rule, we need to extend the classical framework in two ways. First,
on the Bump Rule, explanation is a relation between a hypothesis and an agent’s total

evidence. As a result, the Bump Rule is history-dependent. While only the most recent



item of evidence is used to assess likelihoods, all evidence received throughout the agent’s
history is used to assess explanatory fit.

Second and less obviously, we need to restrict the domain of propositions being up-
dated. Bayesian conditionalization tells agents how to update credences over any algebra
A of propositions - a set closed under complements, unions and intersections. The Bump
Rule tells us how to update credences over a partition H of hypotheses - a set of pairwise
incompatible hypotheses that jointly exhaust the state space ). We will see in Section
3.4 that the Bump Rule can be characterized as an update rule over a restricted algebra
generated by the hypotheses H. But the Bump Rule will not be definable over arbitrarily
rich algebras of propositions. The relevant algebra is always tied to a hypothesis partition.

This form of hypothesis-dependence is an under-appreciated difference between the
Bump Rule and Bayesian conditionalization. Hypothesis-dependent updating rules are
common in statistical applications, where a hypothesis partition is rich enough to capture
many modelers” interests. However, many philosophical Bayesians have the ambitious
Bayesian project of characterizing the static and dynamic behavior of a probability function
over all propositions of interest to an agent. Hypothesis-dependent update rules may not
be suitable for this ambitious Bayesian project, since there is no agreed-upon way to embed

them within the ambitious Bayesian project. I return to this point in Section 10.3.

3.3 Formalizing history- and hypothesis-dependence

Let a history in A be a finite sequence E = (Ey, ..., E,) of elements of A. The intended
interpretation is that an agent with history E has received total evidence {E;,...,E,} in
order Eq, E, ..., E,. In our example, E records the observed coinflips. Let E(A) be the set
of histories on ‘A.

If E is a history, and E,;; is an element of A, let E® E,.; = (E4,...,E,, E,i1) be the
history formed by appending E,.; to E. The intended interpretation is that ® represents
the effect of learning through appending new items of evidence to the agent’s history. In

our example, ® appends the most recently observed coinflip to the evidence history.



A set H of hypotheses is a finite partition {Hj, ..., H,} of Q. Closing H under unions,
intersections and complements generates a sub-algebra A(H) of A. In our example,
A(H) consists of all possible claims about the truth and falsity of one or more hypotheses
H,,...,Hyo about the coin’s bias.

Because the agent’s prior p on A(H) has restricted domain, we cannot define likeli-
hoods directly in terms of the prior. For example, we cannot let the likelihood of E on H
be defined as p(EH)/p(H), because p(EH) is often undefined. Nevertheless, we can often
define likelihoods theoretically based on our understanding of what hypotheses claim.
Let a likelihood function be a map 7 : A X A — R, with the intended interpretation that
nt(E, H) is the likelihood of E given H. Denote n(E, H) as n(E|H) and let IT(A) be the set of
likelihood functions over A.

Once a hypothesis partition H is fixed, a history-dependent #-relative update rule is
a function U : A(A(H)) XTI(AY X AXE(A) —> A(A(H)). U takes four inputs: a prior p over
the sub-algebra A(H), a likelihood function 7t over the full algebra, an item of evidence
E € A, and an evidence history E € &E(A). U returns a posterior 4 over A(H). In our
example, history-dependent updating takes a prior p over claims about bias hypotheses
H;, likelihoods m(Ti|H;) = 1 — 0.1i, an observed coinflip E and a history E of previously

observed coinflips, then returns a posterior § over claims about bias hypotheses.

3.4 The Bump Rule

Relative to a given hypothesis partition H, the Bump Rule partially characterizes a history-
dependent H-relative update rule by stating posterior probabilities over the hypothesis

partition H:

p(H)n(E|H) + Bump(E, E, H)

Y. p(H)n(E|H’) + Bump(E, E,H’)’
H'eH

U(p, ,E, E)(H) =

(5)

Here we extend the previous definition of the explanatory Bump to make explicit its

dependence on both the most recent evidence and the previous evidence history, as:



c/n H is one of the n best explanations of E® E
Bump(E,E, H) = . (6)

0 else
Note that (5) only characterizes U over the hypothesis partition . We can extend this
characterization to A(H) using disjoint additivity.?
This concludes our characterization of Bayesian updating and the Bump Rule. How

should we evaluate the Bump Rule?

4 Challenges for the Bump Rule

The Bump Rule is a normalized linear combination of two updating rules. The first is
Bayesian conditionalization. The second is empirical risk minimization, the rule which
puts full probability mass on the current best-fitting hypothesis or hypotheses.

Taking linear combinations of updating rules is a risky business. Combinations often
inherit the pathologies of both rules and the coherence properties of neither rule.

To illustrate these risks, let us consider three challenges for the Bump Rule. The first
involves incoherence: the Bump Rule makes updating order-dependent (Section 4.1). The
next two challenges involve pathologies inherited from empirical risk minimization. The
Bump Rule assigns nonzero probability to hypotheses which give zero likelihood to the
evidence (Section 4.2), and shifts probability mass against the direction of likelihoods
(Section 4.3). These challenges are not meant to be exhaustive, but rather to illustrate the

kinds of challenges facing the Bump Rule.

4.1 Order-dependence

Suppose you tell me that a coin with unknown bias has been flipped twice. One flip

landed heads, and one landed tails. You ask for my views about the bias of the coin. I

2Set 4(@) = 0 and note that remaining elements of A(H) have the form | J;.; H; for some non-empty index
set 7 €{0,1,...,10}. Disjoint additivity forces §(U,er Hi) = Y.ier §(H,).



respond that I cannot tell you until I know the order of the coinflips. You will probably
think something is amiss with me. Views about the bias of a coin have nothing to do with
the order of coinflips.

More generally, many theorists would like an agent’s final credence to be independent
of the order in which the evidence is received. We can express this requirement by
considering finite streams E,, of incoming evidence, regarded as evidence histories.

Standard update rules U : A(A) X A — A(A) on single items of evidence can be
extended to update rules U : A(A) X E(A) — A(A) on evidence streams by iteratively
applying U to items of evidence in the order that they are presented. For example
U(p, (Ty,—T,)) gives the probability function that results from updating p on a tails flip
tollowed by a heads flip, with both updates conducted according to U.

One way for the order of evidence to matter is through failures of exchangeability, in
which previous flips affect the hypothesis-relative likelihoods of subsequent flips.> For
example, if p(T,|H; A T7) is not the same as p(T,|H; A —T;), then it matters a great deal
whether the first flip lands heads or tails. But that is not what happened in our example
of coinflips. Conditional on any bias hypothesis, the likelihood of subsequent flips does
not depend on past flips.

More generally, say that:

Evidence stream E is H-conditionally-independent if for any H; € H and any

Ej € E we have T((Elel’ N mk<j Ey) = TC(EleZ)

Here 7 denotes the likelihood function, which exhibits its standard behavior in the
Bayesian setting. H-conditional independence is a general form of the requirement that
likelihoods do not depend on past observations.

Many theorists would like updating over H-conditionally-independent evidence streams

to be order independent.

3This paper works with a likelihood-based consequence of standard exchangeability requirements be-
cause likelihoods are sometimes defined separately from priors.



(Standard Order Independence) For all priors p on A, all H-conditionally-
independent evidence streams E,e,, and all permutations o, U(p, 0(Enew)) =

U(p, Enew)-*

For example, Standard Order Independence forces U(p, (T1, —1>)) = U(p, (=11, T7)). Itisa
familiar result that Bayesian conditionalization satisfies Standard Order Independence.
In exactly the same way, history-dependent H-relative update rules U : A(A(H)) x
[T(A) X A X EA) — A(A(H)) on single items of evidence can be extended to update
rules on evidence streams U : A(A(H)) X TI(A) x E(A) X E(A) —> A(A(H)). For example,
H(ﬁ, 7, Epew, Eold) gives the results of updating p with evidence history E,; on the new

stream of evidence E,, one item at a time, according to (.6 In this vocabulary, order-

independence requires:

(Extended Order Independence) For all priors p on A(H), likelihoods 7, H-

conditionally-independent evidence streams Ejq @ E,.ew, and permutations ¢,

H(ﬁ/ T, O(Enew)/ Eold) = a(ﬁ/ 7, Enew, Eold)-

For example, Extended Order Independence forces the agent to update in the same way
upon observing a tails and then a heads as she would upon observing a heads and then a
tails, no matter her priors or previous evidence.

The Bump Rule does not satisfty Extended Order Independence. The easiest way to see
this is to consider the sequence HT of 19 heads followed by a single tails. Updating on the
tirst nineteen flips drives the probability of H;y very high. However, the last observation
provides an explanatory bump to Hy, which now explains observed frequencies just as
well as Hyy does. The resulting probability of Hy is 0.495, with the bulk of the remaining
probability going to Hy at a final probability of 0.503.

4To rigorously define permutation of evidence streams, evidence streams E = (Ey, ..., E,) should be
unpacked into indicator random variables for the relevant events as E = (1, = xy,...,1g, = x,) so that
0(E) = (1g, = x6q1y, - - -, 1E, = Xo(n))-

°If a proof is desired, take A = 1 in Equation (16).

®Itis important to update the likelihood function, so that updating on E; uses likelihoods 7(E|H; A iEj)
rather than 7(E;|H;). While this distinction will not matter for H-conditionally independent evidence
streams, it will be important in later sections.
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By contrast, consider the sequence TH" of a single tails followed by nineteen heads.
Updating on the first flip drives the probability of H; to zero, where it remains until the
very last flip. Here, H;( again shares an explanatory bump with Hy, but because of its poor
start, Hyo receives a final probability of 0.050, with Hy now receiving probability 0.903.

This is a sizable order effect.

4.2 The zero likelihood principle

What is striking about the previous example is not only that the agent assigns different
credence to Hy after observing H'T rather than TH". Another striking feature is that she
assigns any nonzero credence at all to Hy after either sequence of observations. After all,
Hj says that the coin has bias 1 towards heads. This is standardly taken to imply that any
finite sequence involving a tails flip has zero probability. And that, in turn, is standardly
taken to imply that an agent’s credence in Hjp should fall to zero after observing either
HYT or THY.

A natural way to express this requirement is to say that if E has zero likelihood on some
hypothesis H, then updating on E should drive the probability of H to zero. Expressed as

a requirement on standard update rules, this means:

(Zero-Likelihood Principle) For all priors p € A(A) and propositions E, H € A,
if p(E|H) = 0 then U(p, E)(H) = 0.

Bayesians respect the Zero-Likelihood Principle, because p(H|E) = p(EIH)% is forced to
zero when p(E|H) = 0.7
Expressed as a requirement on history-dependent, hypothesis-relative update rules,

the Zero-Likelihood Principle becomes:

7A separate argument is needed for the case that p(E) = 0. While the details of that argument differ
among leading approaches to updating on probability-zero events (Hajek 2003; Jeffrey 1965; Popper 1959), to
my knowledge all leading approaches respect the Zero-Likelihood Principle. But perhaps the easiest bugfix
would be to restrict the Zero-Likelihood Principle to the case p(E) > 0 and note that all of our examples
satisfy this condition.
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(Extended Zero-Likelihood Principle) For all priors p € A(A(H)), likelihoods
1t € II(A), hypotheses H € H, evidence E € A and histories E € &E(A), if
n(E|H) = 0 then U(p, 71, E, E)(H) = 0.

Aswe saw above, the Bump Rule violates the Extended Zero-Likelihood Principle because
an explanatory bump can be provided to hypotheses which assign zero likelihood to the
evidence. For example, our agent assigns nonzero probability to Hjy after observing
nineteen heads flips followed by a tails flip. However, that tails flip has likelihood zero

on HlO-

4.3 Minimal likelihoodism

Suppose I tell you that I am five times more confident in the hypothesis Hs that a coin
is fair than in the hypothesis Hy that it has bias 0.9 towards heads. Then I see another
coinflip. The coin lands heads. Aha! Now, I explain, I am ten times more confident in Hs
than in Ho.

This is puzzling behavior. My latest observation was much more enthusiastically
predicted by Hy than it was by Hs. It therefore seems strange for me to become more
confident in Hs, relative to Hy, after observing an outcome much more enthusiastically
predicted by Hy. But the Bump Rule allows just this sort of behavior.

Given hypotheses H, H" and evidence E, let the likelihood ratio be defined as:

_ n(E|H)
-~ n(E|H)

L(H,H',E) (7)

For generality, we use the notation m(E|H) for likelihoods, with the understanding that
n(E|H) =45 p(E|H) in standard Bayesian models.
Bayesians think that probability ratios should update proportionally to likelihood

ratios.® That is:’

8Note that Bayesians may reject some stronger versions of the Likelihood Principle (Fitelson 2007; Steel
2007).
9This excludes the case 7(E|H’) = 0, where Uz (p, E)(H’) = 0 and both sides of (8) are undefined.
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Us(p, E)(H)

(Likelihoodism) ———
Uz(p, E)H")

o« L(H,H',E). (8)

While many are attracted to Likelihoodism, Likelihoodism is not a principle that in-
compatibilist explanationists will uncontroversially accept. After all, the entire point of
incompatibilist explanationism is to go beyond likelihood ratios in updating.

However, a more minimal likelihoodist requirement may be costlier to deny. Suppose
that E has higher likelihood on some hypothesis H than on a competing hypothesis H’,
so that L(H,H’,E) > 1. Then it is natural to assume that H should remain at least as
plausible, relative to H’, as it was before. That is, working now in terms of history- and

hypothesis-dependent update rules:

(Minimal Likelihoodism) For all hypotheses H, H € H and evidence E € A,

Up,mEE)(H) p(H)
’ UpnEE)H) ~ pH')"

if L(H,H’,E) > 1, then for all histories E

After all, if the only thing we learn is something that is more favorable to H than to H’,
then it seems we should not become less favorably disposed towards H relative to H'.

Table 1 shows that the Bump Rule violates Minimal Likelihoodism. After observing a
tails flip, the ratio p(Hy)/p(Hs) of the probabilities assigned to biases 0.9 and 0.5 is 0.197.
Then the agent observes a heads flip, which has substantially higher likelihood on Hy than
it does on Hs. Nonetheless, the ratio p(Hy)/p(Hs) updates downwards to 0.099, so that Hyg
has only about half of its previous relative probability against Hs, despite Hy having made
the second flip more likely than Hs did.

It is certainly open to explanationists to reject this form of Minimal Likelihoodism.
Perhaps some will insist that violations of Minimal Likelihoodism are not pathologies
when they reflect reassessments of what best explains the agent’s total evidence. Mini-
mal Likelihoodists will think that they look more like double-counting (Sober 2008; van
Fraassen 1980, 1989), since prior features of the agent’s evidence history are re-used to
update against the direction of the most recent evidence. I leave it to readers to decide

what conclusion to draw.
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4.4 Taking stock

We began this section with the idea that linear combinations of two learning rules often
inherit the coherence of neither and the pathologies of both. In partial vindication of
this view, we saw that the Bump Rule is order-dependent (Section 4.1), a form of inco-
herence shared by neither component rule. We also saw that the Bump Rule violates
the Zero-Likelihood Principle (Section 4.2) and Minimal Likelihoodism (Section 4.3), both
pathologies associated with empirical risk minimization. These examples are intended to
illustrate, rather than exhaust, the common wisdom, and to point the way towards where
further challenges might be found.

I hope that this discussion goes some way towards reinforcing the common wisdom
against summing learning rules of different types. Is there a different rule which gives

explanationists much of what they wanted without resorting to this summative strategy?

5 Tempered updating

Bayesians often argue that there is no need to modify Bayes’ rule to incorporate IBE, since
explanatory considerations are already built into likelihoods, and perhaps also to priors
(Bird 2017; Huemer 2009; Weisberg 2009). The likelihood p(E|H) expresses the degree to
which H would explain E. This explanatory power is rewarded in updating. In fact, when

we express Bayesian conditionalization as:

p(H;)p(E|H;)
Y. p(H)p(EIH")

HeH

pe(H;) = ©)

we see that the only force driving Bayesian updating away from the prior is the comparative

power of hypotheses to explain the evidence, as expressed in the likelihoods p(E|H).
However, even if we grant the Bayesian contention that likelihoods encode explanatory

strength, we do not have to grant that Bayes’ rule gives correct weight to explanatory

considerations. Suppose we take seriously the explanationist contention that explanatory
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considerations should be given additional weight during updating. One natural way to
capture this contention is through tempered updating (Griinwald and van Ommen 2017;
Holmes and Walker 2017).1°

Expressed as a hypothesis-dependent, but history-independent update rule, standard

Bayesian updating requires:

p(H)r(E|H)
Y, p(H')m(EIH).

HeH

Us(p, 0, E)(H) =

(10)

Tempered updating modifies (10) by weighting posteriors by a constant temperature pa-

rameter A:

pH)n(EIH)"

Y., P(H)T(EIH")*.
HeH

7:13(]5, T, E)(H) = (11)

The temperature parameter A controls the aggressiveness of updating towards the hy-
potheses which best explain the data. Taking A = 1 recovers Bayesian updating. Higher
temperatures A > 1 provide an explanationist boost, updating more aggressively in the
direction of explanatory considerations embedded in likelihoods. Lower temperatures
A < 1 provide a conservative cooling, pulling updates closer towards the prior.

Tempered updating is a well-studied inference rule (Griinwald and van Ommen 2017;
Holmes and Walker 2017, Wu and Martin 2023). While no alternative to conditional-
ization will have every property that Bayesians might desire, we will see that tempered
updating avoids the challenges facing the Bump Rule (Section 6) while retaining many of
its attractive features (Sections 7-9).

But first, let us introduce two additional characterizations of tempered updating.
These characterizations will help us to see what tempered updating amounts to and why

tempered updating may be attractive to explanationists.

OTempered updating is naturally understood in the context of generalized Bayesian updating (Bissiri et al.
2016). Tempered updating has been studied in other applications such as marginal likelihood approximation
(Friel and Pettit 2008) and discounting historical data (Ibrahim and Chen 2000), though with distinct
interpretations.
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5.1 Learning rate interpretation

The first approach is to think of A as a learning rate (Wu and Martin 2023) in the sense
familiar from approaches such as reinforcement learning (Sutton and Barto 2018) and
Carnap’s (1950) A-continuum. Raising the learning rate A leads agents to generalize
faster based on the explanatory considerations encoded in their current evidence. This
often increases the chance of fast convergence, but also often raises the risk of spurious
convergence. Lowering the learning rate A leads agents to generalize more slowly, often
reducing convergence speeds but decreasing the risk of spurious convergence.

At the slowest possible learning rate, A = 0 and the agent refuses to learn at all. Here

we recover:
(Dogmatism) Prr(H) = Pr(H).

At the other extreme, as A — oo the agent tends towards complete concentration of
probability mass on the current best-fit.

1 His the best fit to E
(Empirical Risk Minimization) Pry(H) =

0 else
As before, Empirical Risk Minimization can be modified to split probability mass among
hypotheses that are tied for best.

On the learning rate interpretation, both Bayesians and explanationists pick learning
rates that steer comfortably between the extremes of Dogmatism and Empirical Risk
Minimization. Explanationists differ from Bayesians in that they pick somewhat higher
learning rates A, bringing them closer to Empirical Risk Minimization and further away

from Dogmatism.

5.2 Loss minimization interpretation

A second way to think about A is as a compromise between two aims (Bissiri et al. 2016).

On the one hand, we want to minimize empirical loss. That is, we want a rule that fits
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observed data as closely as possible. On the other hand, we want to regularize. Thatis, we
want to rein in the ability to overfit accidental features of observed data so that our model
will perform well on unobserved data.

More concretely, suppose you have priors p over A(H) and assign likelihoods 7. You
receive some evidence E. You need to choose a posterior j.

If you only had the first goal of minimizing empirical loss, you would pick 4 to make
the data as likely as possible. A popular way of operationalizing this requirement is to
say that the expected log-likelihood of the data should be maximized, or equivalently that
the negative expected log-likelihood of the data should be minimized. That is, you would

pick 4 to minimize:

- Z q(H)log(m(E|H)). (12)

HeH

(12) is minimized by Empirical Risk Minimization, which assigns probability one to the
current best-fitting hypothesis.

If you did this, you would fit the existing data very well. But you might be in for
a nasty surprise as new data handed you a large loss. To avoid overfitting in this way,
it is standard to choose posteriors which trade off empirical loss minimization against a
regularization penalty chosen to prevent overfitting.

Bayesians regularize by pulling posteriors back towards the prior. Thatis, let KL(§]|p) =
Yud(H)log(§(H)/p(H)) be the Kullback-Leibler divergence between the posterior § and the
prior p, a generalization of the notion of distance between posterior and prior (Kullback

and Leibler 1951; Staffel 2020). Bayesians choose posteriors to minimize:

-1 a(H)log(r(EIH))] + KL(gllp). (13)

HeH

The Bayesian posterior minimizes this expression (Bissiri et al. 2016).
In this sense, we might think of Bayesian updating as an equally-weighted compromise

between the goals of fitting data and regularizing to avoid overfitting. In this perspective,
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we might ask what happens if we make a different compromise between these goals. It

turns out (Griinwald and van Ommen 2017) that tempered updating minimizes:

—ALY | a(H)log(r(EIH))] + KL(qlp). (14)

HeH

Here the temperature parameter A controls the relative importance of fitting data versus
regularizing towards the prior. In this sense, we might see tempered updating as placing
relatively more weight on the goal of data fitting as opposed to regularization.

This characterization dovetails nicely with recent suggestions that IBE might be seen
as a more risk-seeking alternative to standard Bayesianism (Pettigrew 2021). Tempered
updating accepts a greater risk of overfitting by extracting spurious trends from data,
in exchange for a greater ability to extract genuine trends from data. As we will see in
Section 8, this increases the risk of large unanticipated losses, but often leads to accuracy
improvements. Just as Lara Buchak (2013) suggests that different risk attitudes may some-
times be permissible in nonmental action, so too we might see the defender of tempered
updating as suggesting that different risk attitudes may sometimes be appropriate in the

mental action of updating credences.

6 Avoiding challenges

So far, we have seen what tempered updating requires and how the temperature parameter
can be understood as a learning rate (Section 5.1) or as an emphasis on fitting data over
regularizing (Section 5.2). The next order of business is to see what can be said in favor
of tempered updating. Let us lead with the best news: tempered updating avoids the

challenges raised in Section 4.
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6.1 Order dependence

The first challenge was avoiding order-dependent updating. Tempered updating is order-
independent in the natural way.

As before, for any history E = (Ey,...,E,), let l:[(;ﬁ, 7, E) be the result of applying ua
iteratively from E; to E,. Then for any permutation o, tempered updating gives:

p(H) IT (EolH A i Eo()*

i=1

U, m,o(E)(H) = . (15)
Y. pH) [T (EsplH A N jci Esj))?
H'eH i=1
On H-conditionally-independent evidence streams, this simplifies to:
AG! n(E{H)"
U, m,o(E))(H) = = (16)

¥ ﬁ(H’)lfIln(EilH’)A

HeH
Equation (16) is the same order-independent application of likelihoods familiar from

classical Bayesian updating, with the addition of the temperature parameter.

6.2 Zero-likelihood principle

The second challenge was capturing the Zero-Likelihood Principle. The Zero-Likelihood
Principle requires the probability of a hypothesis H to update to zero upon observing

evidence with likelihood 7t(E|H) = 0 on H. In this context, this means:

(Zero-Likelihood Principle) For all priors p € A(A(H)), likelihoods 7t € TI(A),
hypotheses H € H, and evidence E € A, if n(E|H) = 0 then (ﬁl(ﬁ, 7, E)(H) = 0.

The Zero-Likelihood Principle follows immediately from Equation (16). Observing evi-
dence E with likelihood m(E|H) = 0 multiplies the numerator of the posterior probability

by zero, driving the posterior itself to zero.
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6.3 Minimal likelihoodism

The final challenge was capturing Minimal Likelihoodism. Minimal Likelihoodism re-
quires that evidence which is more likely on some hypothesis H than on another hypothesis

H’ should not decrease the relative probability of H against H'. In this context, this means:

(Minimal Likelihoodism) For all hypotheses H, H € H and evidence E € A,

. / Up,mE)H) . pH)
if L(H,H’,E) > 1, then T BT > )

Tempered updating satisfies Minimal Likelihoodism by way of satisfying a stronger like-

lihoodist principle:

Up(p, E)H) _ (H H, E)A p(H)

(Tempered Likelihoodism) 7 D) = )

It follows immediately that when £(H,H’,E) > 1, 33((5: 5))((15,) > L ((g,) with the proportional

increase governed by a power of the likelihood. Tempered Likelihoodism comes apart
from full-blown Likelihoodism (Equation (8)) only in being more eager to satisfy Minimal
Likelihoodism because the likelihood L(H, H’, E) is raised to an exponent A > 1.

So far, we have seen that Tempered Updating avoids the challenges facing the Bump
Rule. The next order of business is to show that Tempered Updating captures many of

the same behaviors that attracted defenders of the Bump Rule.

7 Simulations: Learning speed

Defenders of the Bump Rule argue that it shows attractive behavior in simulations (Dou-
ven 2013; Douven and Wenmackers 2017; Douven 2020, 2022). Specifically, under many
conditions, the Bump Rule learns the true hypothesis more quickly than Bayesian condi-
tionalization does and achieves higher accuracy after a fixed number of steps.!!

From this, defenders of the Bump Rule draw two conclusions. The weaker conclusion

is that the Bump Rule may provide an attractive solution to the speed-accuracy tradeoff

HFollowing Pettigrew (2021), I will not discuss simulations involving social learning (Douven and Wen-
mackers 2017) as these introduce further assumptions that mainline Bayesians may reject.
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in learning (Douven 2022; Heitz 2014; Wickelgren 1977), providing quicker mean learning
rates with tolerable decreases in mean accuracy.

The stronger conclusion adopts an externalist, ecological reading of rationality (Dou-
ven 2020; Morton 2017; Schmidt 2019)."? To say that rationality is ecological is to say that
rationality is a matter of performing well in an environment. On externalist theories of
ecological rationality, the relevant environment is not an expectation over various possible
environments but rather the agent’s actual environment. On this view, it is rational for
agents to use strategies which perform well in their current environment.

In some environments, the Bump Rule learns more slowly or less accurately than
Bayesian conditionalization does. But in many environments, the Bump Rule learns more
quickly than Bayesian conditionalization does, and also shows greater accuracy. This
allows defenders of externalist, ecological theories of rationality to draw the stronger
conclusion that the Bump Rule is ecologically rational in many environments, no matter
the relative importance of speed and accuracy in learning.

This section argues that tempered updating strikes an attractive balance between
Bayesian conditionalization and the Bump Rule in learning speed, capturing a substantial
portion of the Bump Rule’s speed advantage in both friendly and unfriendly environ-
ments.

Section 8 shows that tempered updating strikes a similarly attractive balance in accu-
racy. Across two leading accuracy measures, the Bump Rule reduces mean accuracy when
compared to Bayesian conditionalization. We will see that tempered updating makes up
a sizable portion of this accuracy difference across accuracy measures in friendly environ-
ments. Tempered updating captures many of the performance advantages of the Bump
Rule in some classes of difficult environments, and avoids its pitfalls in others.

Section 9 assesses implications for the choice between rules, focusing on the speed-

accuracy tradeoff as well as the externalist ecological perspective.

12An alternative non-ecological reading of rationality (Thorstad forthcoming) might not support this
stronger conclusion.
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7.1 Speed: The good case

Continue our example from Section 2. An agent begins with a uniform prior over the
hypotheses {Hy, Hi,...,Hjo} about the bias of a fair coin. She observes coinflips and
updates according to her favorite learning rule.

It is a familiar refrain that most learning rules eventually discover the truth in friendly
problems. For this reason, a common question is how quickly a learning rule manages to
discover the truth. To answer this question, Douven (2013) varies the true bias hypothesis
H; and runs 1,000 simulations for each true bias. Letting the learning speed of each rule
be measured by the number of flips observed until it assigns at least 99% credence to the
true hypothesis, Douven finds that the Bump Rule with ¢ = 0.1 learns significantly faster
than Bayesian conditionalization does in most environments.

Let us expand Douven’s simulation to incorporate tempered updating with a moderate
temperature A = 2. Let us also compare both rules against the limiting case of empirical
risk minimization (ERM), in which the agent puts full probability on the hypothesis or
hypotheses that best fit current observed frequencies. Table 2 shows the mean learning
speed for each rule across variations in the true bias.

Table 2 bears out Douven’s claim that the Bump Rule learns more quickly on average
than Bayesian updating does in this friendly problem. Tempered updating captures a
substantial percentage of this speed improvement.

At the same time, speed in friendly learning problems is not everything. If we were
only concerned with mean learning speed in friendly problems, we would adopt empirical

risk minimization based on its superior speed in Table 2.

7.2 Speed: The bad case

What happens when we make the learning problem difficult? Sometimes, rules that
perform well on friendly problems perform less well on difficult problems. In Section 8,

we will see some performance reversals of this type when we are concerned with accuracy
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True Bias Bayes Tempered (1 =2) Bump (c=0.1) ERM

0 44.0 22.0 19.0 1.0

0.1 1274 66.0 46.5 18.5
0.2 228.0 1322 81.3 18.3
0.3 307.3 1764 101.1 16.9
0.4 355.7 2034 105.8 20.6
0.5 3624 209.3 106.9 13.8
0.6 348.0 201.1 108.1 23.5
0.7 3029 1769 96.5 17.3
0.8 2321 133.1 81.8 18.4
0.9 1284 65.8 441 18.1
1 44.0 22.0 19.0 1.0

Table 2: Mean learning speed (flips) by rule and true bias condition, good case, 1,000
simulations per true bias

rather than speed. However, the results of Section 7.1 are reasonably robust against two
types of difficult problems.

One way to increase the difficulty of the learning problem is to fine-grain the hypothesis
space. Specifically, instead of considering eleven bias hypotheses H; that the true bias is
0.17, we consider one hundred and one bias hypotheses H that the true bias is 0.01i. Fine-
graining could punish the Bump Rule and empirical risk minimization because of their
winner-takes-all dynamic. Explanatory bumps are awarded to the best-fitting hypothesis,
but not to close neighbors which may have nearly as strong explanatory credentials.

Table 3 reports the results of 1,000 simulations over this fine-grained hypothesis space,
with randomized true bias. Although tempered updating learns considerably faster than
Bayesian conditionalization, the Bump Rule shows a substantial speedup and ERM learns
still more quickly.

Another way to increase the difficulty of the learning problem is to extremize priors.
As we move away from a uniform prior and towards priors which concentrate probability
mass on a small number of bias hypotheses, we increase the chance that the agent begins
with a very low prior in the true bias hypothesis. This is a more difficult learning problem.

Table 3 reports the results of 1,000 simulations with extremized priors, drawn ran-
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Bayes Tempered (1 =2) Bump (c =0.1) ERM
Fine-graining  23,784.62 13,645.85 1,434.73 239.27
Extremal priors 590.19 307.65 71.23 15.41

Table 3: Mean learning speed (flips) by rule, bad cases, 1,000 simulations
domly from a symmetric Dirichlet(0.1) distribution over the space of possible priors.!
Again, tempered updating shows a speed advantage of Bayesian updating, with further
improvements by the Bump Rule and Empirical Risk Minimization.

This discussion suggests that the ranking of rules by learning speeds is relatively
robust. Even under difficult conditions, tempered updating learns more quickly than
Bayes’ rule does, and the Bump Rule learns more quickly still.

Because both rules learn faster than Bayesian conditionalization, even in expectation,
there is no need to retreat to an externalist, ecological perspective to assess the hierarchy of
learning speeds. If we are concerned only with learning speed, then even an expectational

perspective gives both rules an advantage over Bayesian conditionalization.

8 Simulations: Accuracy

What happens when we study accuracy rather than learning speed? Both tempered
updating and the Bump Rule sometimes pay accuracy costs for their increased speed, but
there are important differences in the patterns of accuracy costs, and both rules sometimes
reap accuracy benefits.

Following Douven (2022), let us consider two ways of measuring accuracy. The first is
the Brier Score. The Brier Score penalizes agents for the squared distance of their beliefs
from the truth. The Brier inaccuracy of a credence function p is then:

1

(Brier Score) W Z(p(Hi) — T(H)))? (17)

13A Dirichlet(0.1) distribution assigns each prior (xo, ..., x10) on (Hy, . .., Hio) probability proportional to
H}BO xi_o'9 which favors extremized priors.
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where T(H;) returns 1 if H; is the true bias hypothesis and 0 otherwise. Under many
conditions, Bayesian conditionalization minimizes expected Brier inaccuracy (Easwaran
2013; Greaves and Wallace 2006; Leitgeb and Pettigrew 2010a,b).

An alternative scoring rule is the log rule. The log rule differs from the Brier Score
in two ways. First, it penalizes inaccuracy only on the true bias hypothesis H*. Second,
it measures distance logarithmically rather than by squared differences. The log-rule

inaccuracy of credence function p is then:

(Log Score) —In(p(H")) (18)

where H" is the true bias hypothesis and In is the natural logarithm.
Let us consider how each learning rule performs across candidate scoring rules in the

same models considered above.

8.1 Accuracy: The good case

Tables 4-5 report the results of 1,000 simulations for each true bias in the good case. Results
are reported in terms of the mean inaccuracy of rules after a fixed number of steps.

On the Brier Score (Table 4), inaccuracy of each rule decays in a qualitatively similar
manner across steps, with some advantage for Bayes over tempered updating, and for
tempered updating over the Bump Rule. By 250 steps, all rules have achieved an excellent
Brier score of 0.01 or lower.

On the log score (Table 5), Bayes performs somewhat better than tempered updating,
which performs significantly better than the Bump Rule. The worst performance of all is
exhibited by empirical risk minimization, which regularly incurs infinite loss by giving
probability zero to the true hypothesis.

This discussion suggests that in the good case, mean performance shows a speed-
accuracy tradeoff, in which the ordering of rules by mean learning speed is precisely the

reverse of their ordering by mean accuracy. Importantly, the existence of a speed-accuracy
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Steps Bayes Tempered (A =2) Bump (c=0.1) ERM

5 0.070 0.073 0.080 0.124
10 0.062 0.065 0.073 0.104
25 0.047 0.049 0.063 0.082
50 0.036  0.038 0.050 0.058
100 0.023  0.025 0.030 0.031
250 0.008 0.008 0.010 0.010
500 0.001  0.002 0.002 0.002

Table 4: Mean Brier inaccuracy by learning rule and steps elapsed, averaged over 1,000
trials for each true bias

Steps Bayes Tempered (A =2) Bump (c=0.1) ERM

5 1.675 1.822 1.918 00
10 1376  1.523 1.762 00
25 0960 1.087 1.728 00
50 0.671 0.777 1.810 o0
100 0.420 0.511 1.629 00
250 0.147  0.200 1.090 00
500 0.028 0.039 0.310 00

Table 5: Mean log-rule inaccuracy by learning rule and steps elapsed, averaged over 1,000
trials for each true bias

tradeoff is invariant to the choice between Brier and log scoring rules. In fact, moving
from the Brier score to the log score only heightens the speed-accuracy tradeoft.

Because these results concern mean inaccuracy, those persuaded by an externalist read-
ing of ecological rationality may also want to know in how many specific environments
each rule performs well. There are many ways to measure this. One question we can ask
is in how many runs each rule performed best, in the sense of minimizing inaccuracy after
a fixed number of runs.

Table 6 reports the results of 1,000 simulations for each true bias, averaged across true
biases. The proportion of trials in which each rule performed best is reported across
elapsed steps, focusing for brevity on the Brier score. Note that sums of rows may exceed

one because in some cases, multiple rules tied for best performance.’*

4For the purpose of computational simplification, rules were reported as tied when their scores differed
by less than 107'2. It could be productive to read this as a notion of ‘near-ties’ rather than strict ties.
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Steps Bayes Tempered (A =2) Bump (c=0.1) ERM

5 0.49 0.06 0.14 0.32
10 0.49 0.00 0.08 0.43
25 0.35 0.05 0.05 0.55
50 0.27 0.02 0.03 0.68
100 0.15 0.22 0.47 0.79
250 0.26 0.38 0.87 0.94
500 0.41 0.82 0.98 0.99

Table 6: Proportion of trials with lowest Brier inaccuracy after given number of steps,
averaged over 1,000 trials for each true bias

With small data samples, both tempered updating and the Bump Rule produce the
highest-accuracy results less often than Bayesian conditionalization does. This pattern re-
verses somewhat with large data samples. However, caution is needed before trading too
much on this result, as empirical risk minimization robustly outperforms both tempered

updating and the Bump Rule on this criterion.

8.2 Accuracy: The bad case

To study inaccuracy in difficult problems, a computational experiment was performed
under the same fine-graining and extremal prior conditions used in Section 7.2. Tables 7-8
report mean Brier inaccuracy over 1,000 simulations of each condition.

With extremal priors (Table 7), both the Bump Rule and tempered updating produce
lower Brier inaccuracy than Bayesian conditionalization does, with the advantage going
to the Bump Rule. A natural way to understand this result is that breaking away from
extremal priors takes time, so that rules which learn more quickly or aggressively are
faster than Bayesian conditionalization in learning to pool probability mass on the correct
hypothesis. This suggests that even in some classes of difficult problems, the Bump Rule
and tempered updating may continue to outperform Bayesian conditionalization in both
mean speed and mean accuracy.

With a fine-grained hypothesis space (Table 8) the story is different. Tempered updating
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Steps Bayes Tempered (A =2) Bump (c=0.1) ERM

5 0.13 0.13 0.09 0.12
10 0.13 0.12 0.07 0.10
25 0.12 0.11 0.06 0.08
50 0.11 0.10 0.05 0.06
100 0.09 0.08 0.03 0.03
250 0.07 0.05 0.01 0.01
500 0.05 0.03 0.00 0.00

Table 7: Mean Brier inaccuracy by learning rule and steps elapsed, averaged over 1,000
trials with extremal priors

scores nearly identically to Bayesian updating. Both the Bump Rule and empirical risk
minimization lag noticeably behind. Even after 500 steps, the Bump Rule is not learning:
the Bump Rule shows worsening Brier inaccuracy as compared with previous steps.

One natural way to interpret this result is that the winner-takes-all dynamic of empirical
risk minimization and the Bump Rule can tend to increase inaccuracy in a fine-grained
hypothesis space, because discontinuous explanatory bumps are awarded to the best-
titting hypothesis but not to neighbors which fit existing data nearly as well. With a large
number of hypotheses, there is a high risk that explanatory bumps will be awarded to
the wrong hypotheses. This risk is minimized by rules such as conditionalization and
tempered updating, which use likelihoods to parcel out proportional explanatory credit
among many hypotheses.

In a nutshell, the story of this section is that the Bump Rule shows good Brier accuracy in
some types of difficult problems and less impressive Brier accuracy in others. Tempered
updating does not always match the standout performance of the Bump Rule in some
environments, such as learning with extremal priors, but neither does it show the same

performance dips in others, such as learning with fine-grained hypothesis spaces.
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Steps Bayes Tempered (A =2) Bump (c=0.1) ERM

5 0.0097 0.0097 0.0118 0.0191
10 0.0096 0.0096 0.0119 0.0188
25 0.0094 0.0095 0.0110 0.0180
50 0.0092 0.0093 0.0112 0.0177
100 0.0089 0.0090 0.0121 0.0170
250 0.0083 0.0084 0.0132 0.0156
500 0.0079 0.0080 0.0133 0.0143

Table 8: Mean Brier inaccuracy by learning rule and steps elapsed, averaged over 1,000
trials over fine-grained hypotheses

9 Evaluating behavior

What should we make of these results? Where speed is concerned, the results are clear
(Section 7). The Bump Rule shows a large speed improvement over Bayesian conditional-
ization. Tempered updating captures a sizable portion of this speed improvement. These
results hold even if we are concerned with mean learning speed, rather than learning
speed in specific cases. To the extent that we are concerned with speed, we should there-
fore see tempered updating as delivering a weakened version of the same benefits that
the Bump Rule provides.

Atthe same time, speed is not everything. We also saw that empirical risk minimization
learns more quickly than all other rules under the same conditions. For this reason, it is
important to study accuracy as well as speed (Section 8).

In friendly problems, we saw that the Bump Rule shows lower mean accuracy than
Bayesian conditionalization does, with the gap widening as we move from Brier scoring
to log scoring. A substantial part of this gap is made up by tempered updating, especially
under the log rule. This suggests that to the extent we are concerned with mean accuracy
in the good case, tempered updating should be seen as a useful improvement over the
Bump Rule.

From an externalist, ecological perspective, matters are more complex. With small

data samples, both tempered updating and the Bump Rule produce the highest-accuracy
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results less often than Bayesian conditionalization does. This pattern reverses somewhat
with large data samples. However, caution is needed before trading too much on this
result, as empirical risk minimization often outperforms both tempered updating and the
Bump Rule on this criterion.

In difficult problems, the story is likewise complex. Some ways of increasing problem
difficulty, such as extremizing priors, gave a substantial advantage in Brier accuracy to
the Bump Rule. This advantage was partly captured by tempered updating. Other
ways of increasing problem difficulty, such as fine-graining the hypothesis space, gave a
substantial disadvantage in Brier inaccuracy to the Bump Rule. This disadvantage was
nearly erased by tempered updating.

All told, these results suggest that tempered updating captures many of the advan-
tages of the Bump Rule, albeit sometimes less strongly. Tempered updating also sometimes
avoids the disadvantages of the Bump Rule. This may make tempered updating a produc-
tive alternative to the Bump Rule for those attracted to the Bump Rule’s performance in
simulations, but seeking to avoid the challenges facing the Bump Rule in general (Section

4) or in unfriendly environments (Section 8.2).

10 Implications for incompatibilism

How do these results bear on the prospects for incompatibilism? One way to read this
paper is as a novel way of supporting incompatibilism. We saw two ways to understand
tempered updating as a principled alternative to Bayesian conditionalization (Section 5),
which avoids the challenges raised for the Bump Rule (Section 6) and exhibits similarly
attractive performance in simulations (Sections 7-9). We could read this paper as support-
ing incompatibilism by supporting tempered updating. That is a fine way to read this
paper, though it is not the only reading.

I want to conclude by discussing four concerns that might be raised for tempered

updating. These concerns will help to identify the audience to which tempered updating
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will be most attractive.

10.1 Arguments for conditionalization

Many Bayesians offer arguments aiming to show that Bayesian conditionalization is the
uniquely rational updating rule. One popular type of argument is the Dutch book argument
(Armendt 1980; Lewis 1999; Pettigrew 2021) which aims to show that agents who fail to
conditionalize are vulnerable to sure loss. Another class of arguments are accuracy-based,
aiming to show that conditionalization uniquely maximizes expected accuracy (Easwaran
2013; Greaves and Wallace 2006; Pettigrew 2021) or is accuracy-dominant (Briggs and
Pettigrew 2020; Nielsen 2021).

To a large extent, these debates will need to be settled elsewhere. Incompatibilist
explanationists have offered some responses to both types of arguments for conditional-
ization (Douven 2022). Others have also responded to the Dutch book (Christensen 1991;
Mahtani 2012) and accuracy-based arguments for conditionalization (Schoenfield 2017;
Wedgwood 2018).

This paper does contribute a new perspective through the loss-minimization interpre-
tation of tempered updating in Section 5.2. The loss-minimization interpretation takes a
page from generalized Bayesian statistics (Bissiri et al. 2016; Griinwald and van Ommen
2017) in reminding us that conditionalization maximizes expected accuracy only once we
tix measures of data-fitting, regularization rules, and the relative importance of fitting
data against regularization. Even those who think that rationality fixes a single approach
to data-fitting and regularization need not be committed to the view that there is a single
permissible way to balance them. Under some conditions, it may be permissible for agents
to exhibit a risk-seeking emphasis on fitting data over regularizing towards the prior, an

emphasis that leads to tempered updating under the loss-minimization interpretation.
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10.2 Safe Bayesian updating

I said in Section 5 that many statisticians have studied tempered updating. What I ne-
glected to mention is that statisticians primarily study and recommend cool temperatures
A < 1. Tempered updating became popular as a way to be more conservative than stan-
dard Bayesian conditionalization, a safety-seeking move which prevents overfitting in
difficult or mis-specified learning problems (Griinwald and van Ommen 2017; Holmes
and Walker 2017; Wu and Martin 2023).

In this perspective, the explanationist’s choice of warm temperatures A > 1 is, while
not unprecedented, an uncommon application of tempered updating. Even if we accept a
risk-based argument for the permissibility of varying risk attitudes A to match the agent’s
risk attitudes, in many contexts agents may look more fondly on risk-averse rules than on
the risk-seeking explanationist rule studied here.

From an ecological perspective, externalist or not, the criticism may be softened. Here,
the choice of temperature serves to demarcate the environments in which tempered up-
dating may be rational. The finding is that although tempered updating with A > 1 may
not be appropriate in environments where risk-seeking should be avoided, it may be an
excellent alternative to the Bump Rule in environments where risk-seeking is desired.
We may, however, be left with the consequence that inference to the best explanation is

less-often appropriate than some advocates may have hoped.

10.3 Hypothesis-dependence

Section 3 introduced the ambitious Bayesian project of characterizing the static and dynamic
behavior of a probability function over all propositions of interest to an agent. We saw
that the Bump Rule does not pursue the ambitious Bayesian project. The Bump Rule
tells agents only how to update their views over the sub-algebra generated by a single
hypothesis partition. We saw in Section 5 that tempered updating has the same problem.

Tempered updating is a hypothesis-dependent update rule.
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Not all theorists have the ambitious Bayesian project. Many critics of Bayesian theo-
rizing see its generality not as a feature, but rather as a bug, because even simple learning
problems must be solved relative to the agent’s global worldview in a way that is often
difficult given an agent’s limited information (Belot 2013; Efron 2013; Gelman 2008). More-
over, traditional arguments for conditionalization including Dutch Book (Armendt 1980;
Lewis 1999; Pettigrew 2021) and accuracy-based arguments (Easwaran 2013; Greaves and
Wallace 2006; Pettigrew 2021) are usually formulated in the special case of updating over
a hypothesis partition. This restriction may be essential (Gallow 2019; Hild 1998), though
some efforts have been made to overcome it (Easwaran and Nielsen 2025; Schultheis forth-
coming). Hence, while conditionalization has the advantage of being well-defined over an
arbitrary algebra, we may not recover some traditional motivations for conditionalization
in this setting.

However, many philosophers do have the ambitious Bayesian project. For these
philosophers, both the Bump Rule and tempered updating will be nonstarters. This
fact, perhaps more than any other, helps to mark out the differences between Bayesian

conditionalization and leading incompatibilist alternatives.

10.4 Differences from the Bump Rule

Some explanationists may be concerned by two differences between tempered updating
and the Bump Rule. First, whereas the Bump Rule provides a boost only to the best
explanation, tempered updating provides a proportional boost to other competing expla-
nations. If strong emphasis is put on the desire to boost only the best explanation, then
tempered updating will not be an appropriate gloss of inference to the best explanation.
Second, whereas the Bump Rule evaluates explanatory considerations globally through
a bump based on fit to the total evidence, tempered updating evaluates explanatory
considerations locally through the likelihoods of each successive item of evidence. This
may be interpreted as a way of showing insufficient concern for the global nature of

explanation.
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Some of the results in this paper suggest that explanationists may wish to be cautious
in insisting on rules with these features. We saw in Section 2 that the winner-takes-all
nature of the Bump Rule provides a discontinuous boost to some hypotheses above their
neighbors. We saw in Section 8 that this boost causes the Bump Rule to struggle in fine-
grained hypothesis spaces, where tempered updating is often more accurate because of
its ability to award proportional explanatory credit to neighbors. These results may speak
in favor of reading explanationism as compatible with proportional explanatory credit.

Likewise, we saw in Section 4 that the global nature of the Bump Rule leads it to
violate a range of likelihoodist principles including Minimal Likelihoodism and the Zero-
Likelihood Principle. Because the Bump Rule provides a global explanatory boost that is
independent of likelihoods, it can update against the direction of current likelihoods, even
to the extent of assigning nonzero probability to hypotheses which give zero likelihood to
incoming evidence. We saw in Section 6 that tempered updating avoids these challenges
by removing the global explanatory bump. These results may speak in favor of reading

explanationism as compatible with local rather than global explanatory credit.

10.5 Taking stock

In this paper, we saw that tempered updating provides an attractive alternative to the
Bump Rule. It does not resolve all challenges for incompatibilist explanationism, including
Dutch Book and accuracy-arguments for conditionalization (Section 10.1), and concerns
about risk-seeking (Section 10.2) or hypothesis-dependence (Section 10.3). Nor does it
give all explanationists all of what they want (Section 10.4). But tempered updating does
avoid the challenges facing the Bump Rule (Section 6) and deliver many of the benefits
that attracted incompatibilists to the Bump Rule (Sections 7-9).

At aminimum, [ hope that these results serve to reinforce the idea that IBE can be given
a rigorous articulation as a well-pedigreed probabilistic update rule that is both distinct
from Bayesian updating and perhaps defensible. Further studies of the performance of

tempered updating against Bayesian inference may provide a better articulation of the
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strengths and weaknesses of each, as well as perhaps the situations in which each rule

may be more appropriate.
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